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Accurate and fast enumeration of large, combinatorial search spaces presents a cen-
tral conceptual challenge in molecular design. To address this challenge, an algorithm is
developed that guarantees globally optimal solutions to a mixed-integer nonlinear pro-
gramming formulation for molecular design. The formulation includes novel structural
feasibility constraints, while the algorithm provides all feasible solutions to this formula-
tion through the implicit enumeration of a single branch-and-reduce tree. This algo-
rithm is used to provide the complete solution set to a refrigerant design problem posed
elsewhere. In addition to rediscovering CFCs, the proposed methodology identifies a

number of novel potential replacements of Freon 12.

Introduction

Due to recent growing concerns regarding the depletion of
the ozone layer by chlorofluorocarbons (CFCs), several ac-
tions have been taken to regulate the use of CFCs, including
the 1985 Vienna Convention, the 1987 Montreal Protocol, the
Clean Air Act of 1990, and the 1997 Kyoto Protocol. In re-
sponse, industry ended the production of CFCs in developed
countries in 1995 and introduced transitional substances, such
as hydrofluorocarbons (HFCs) and hydrochlorofluorocarbons
(HCFCs) to replace CFCs. However, it is now clear that these
are not ideal alternatives. These replacements are not as en-
ergy efficient as earlier refrigerants. What is worse though,
HCFCs still destroy the ozone layer and, although HFCs
might cause no damage to the ozone layer, they have strong
greenhouse effects.

The problem addressed in this work calls for the design of
molecules with desired properties. Specifically, we are inter-
ested in the design of alternative refrigerants. Our goal is to
develop a methodology that can serve as an aid to the design
of replacement refrigerants by identifying candidates satisfy-
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ing physical properties and that can be subsequently screened
for high levels of energy efficiency and low levels of ozone
depletion and global warming potential.

Traditional techniques in the design of new molecules with
desired properties are based on the generate-and-test
paradigm; a molecule is synthesized in the lab and its proper-
ties are measured through experiments. As these experiments
are very time-consuming and expensive, computer-aided
techniques have been developed in order to supplement ex-
perimental techniques by prescreening large numbers of pos-
sible molecules to select fewer to generate and test.

Conceptually, the problem of prescreening potential new
molecules is very difficult due to its combinatorial nature.
Consider a molecular design problem in which one seeks to
synthesize a new compound by selecting up to N groups of
atoms from a set of K potential groups. The total number of
potential molecules in this case is known to be (Joback and
Stephanopoulos 1995)

N o(K+i—-1)!

X =

= i(K=1)!
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This number of potential molecules explodes combinatori-
ally. For example, with K =40 groups, the total number of
possible molecules is 12,300 for N = 3, and becomes 9,366,778
for N =6 and 2,054,455,593 for N =9. Coping with this com-
binatorial complexity presents a major conceptual challenge
in computer-aided molecular design and requires the devel-
opment of clever algorithms that select the optimal molecular
design, while avoiding the explicit enumeration of all candi-
date designs.

In addition to the combinatorial aspect of the problem, the
nature of current property estimation techniques also makes
difficult the development of computer techniques for molecu-
lar design. Several formulae are available for estimating ther-
mal, mechanical, and other physical properties of compounds
(cf. Reid, et al. (1987); Horvath (1992)). Property prediction
methods are typically nonlinear functions of atomic or group
compositions. These nonlinearities lead to multiple local op-
tima that may trap conventional search techniques in subop-
timal parts of the search space. As a result, if standard opti-
mization methods are used to rate the potential new com-
pounds, one is faced with the multiple local optima difficulty.

Motivated by the above discussion, we ask:

e [s it possible to develop efficient techniques for globally
searching the astronomically large space of combinatorial
molecular designs without explicitly enumerating all possible
designs?

e How should one deal with the nonlinearities and local
optima traps that are inherent in property prediction tech-
niques?

This article addresses the above issues through the devel-
opment of a mixed-integer nonlinear programming model and
a branch-and-reduce global optimization algorithm. Even
though our basic modeling and algorithmic framework for
molecular design is not restricted to any particular type of
molecules, we demonstrate it in the context of a refrigerant
design case study that was initially formulated in the seminal
work of Joback and Stephanopoulos (1990). Numerous algo-
rithms have been developed for this problem since it was
posed. The main contributions of this article are two: (a) the
development of a nonconvex mixed-integer nonlinear mathe-
matical programming model that includes new structural fea-
sibility constraints and captures the complexity of the model
proposed by Joback and Stephanopoulos (1990, 1995), and
(b) the development of an optimization algorithm that suc-
ceeds in finding not only a globally optimal solution, but all
solutions that are feasible to this complex model. Finding all
feasible solutions facilitates the systematic comparison of of-
ten competing objectives, including economic and environ-
mental ones.

A formal statement of the problem is provided next, fol-
lowed by a review of the current state-of-the-art in the field.
Then, the optimization formulation is developed. Finally, our
global optimization algorithm is described and computational
results are presented.

Problem Statement

Qualitatively, the general problem we would like to ad-
dress can be simply stated as: “Choose the constituent parts
of a molecule in a way that satisfies chemical constraints and
optimizes economic and environmental objectives.”
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To derive a mathematical abstraction of the problem, one
can view the molecule as a collection of atoms or submolecu-
lar groups that are interlinked in a way that satisfies chemical
connectivity and property constraints. The problem can be
stated in the following general form of an optimization model

max f(x,n)
st.g(x,n) <0

xe ®R™ nezN

In this model, # is a vector of integer variables that are used
here for the modeling of discrete decisions. In particular, n;
denotes the number of occurrences of the jth type of atom
(or submolecular group) in the synthesized compound. The
continuous variables x are used to model thermodynamic or
other properties (heat capacity, enthalpy of vaporization, vis-
cosity, and so on). It is the atomic/group composition n that
dictates properties x through relationships captured in the
constraint set g(x,n) <0. Additional continuous variables
might be used to model the operating conditions of the pro-
cess in which the synthesized molecule will be used. This
would allow for simultaneous product and process design. Fi-
nally, the design objective f is also expressed in terms of the
discrete and continuous variables.

The formulation may incorporate explicit environmental
requirements as g(x,n) <0 can include constraints such as
bounds on ozone depletion potential and global warming po-
tential (for definitions of these terms and related discussion
see Wuebbles (1981) and Wuebbles and Edmonds (1991)). At
the same time, the objective function f may optimize tradi-
tional engineering objectives such as cost, profit, or energy
use. Environmental objectives can also be optimized.

State-of-the-Art in the Field

The era of modern refrigeration began in the 1830s when
the first refrigerants and refrigeration systems were pro-
posed, developed, and patented. It took a period of a century
before the first systematic approach to refrigerant design was
developed by Midgely, Henne, and McNary. Starting with the
periodic table of the elements, Midgely and co-workers elimi-
nated those elements yielding unacceptable levels of volatil-
ity, instability, or toxicity. They were eventually left with the
eight elements shown in Table 1. This approach quickly drew
their attention to halogens and led to the discovery of CFCs.
Nagengast (1995) provides an historical account of these de-
velopments. An enormous amount of work has been done,
especially by industry, on issues related to refrigeration and
alternative refrigerants since the development of CFCs. This
work has relied mostly on careful experiments with potential
refrigerants and is summarized in recent reviews by Calm

Table 1. Midgely’s List of Candidate Elements from the

Periodic Table
H
C N (6] F
S Cl
Br
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1994), Kuijpers (1994), Nagengast (1995), Smithart (1995),
Thornton (1995), and Calm and Didion (1998). Here, we re-
view only works that approach the problem from a theoreti-
cal angle, closely related to our work.

Gani and co-workers (Brignole et al., 1986; Gani et al.,
1991; Gani and Fredenslund, 1993; Constantinou and Gani,
1994; Constantinou et al., 1996; Pretel et al., 1994) proposed
a group contribution method for molecular design. Their ap-
proach starts by preselecting structural groups. It subse-
quently generates large numbers of combinations of the pres-
elected groups. Properties of the generated molecules are
then predicted using group contribution methods. Whereas
these works relied mostly on explicit enumeration methods
for exploring the space of combinatorial designs, several ap-
proaches have dealt with the development of efficient search
techniques.

In a mathematical programming approach, Macchietto and
co-workers (Macchietto et al., 1990; Odele and Macchietto,
1993), Naser and Fournier (1991), and Achenie and co-
workers (Churi and Achenie, 1996, 1997a,b; Duvedi and
Achenie, 1996) proposed the use of mixed-integer nonlinear
programming techniques. Due to the nonconvex nature of
their formulations, these approaches could at best guarantee
locally optimal solutions.

The approach developed by Joback and Stephanopoulos
(1990, 1995) overcomes the multiple local optima difficulty
through the clever use of interval arithmetic techniques to
construct bounds on the properties of “aggregate molecules,”
which are equivalent to constructing relaxations in the con-
text of branch-and-bound search. Interval relaxations are
weaker than mathematical programming bounds and, in gen-
eral, require significant computational effort. To overcome
this difficulty, Joback and Stephanopoulos (1990, 1995) devel-
oped an interactive heuristic search technique.

For polymer design, Vaidyanathan and El-Halwagi (1996)
proposed the use of interval arithmetic techniques to solve a
mixed-integer nonlinear formulation. For the same problem,
Maranas (1996) has shown that the formulation can be lin-
earized for certain fractional property prediction functions.
For these types of prediction functions, a formulation based
on chance-constraint programming can be used to model the
probability of satisfying property constraints (Maranas, 1997a,
b).

Recognizing the limitations of standard optimization meth-
ods, recent works have also proposed the use of guided
stochastic search techniques (Venkatasubramanian et al.,
1994, 1995, 1996; Devillers and Putavy, 1996; Ourique and
Telles, 1998; Marcoulaki and Kokossis, 2000a,b). These ap-
proaches sample the search space in ways that increase the
likelihood of locating good solutions.

Recent approaches to and applications of molecular design
have included the design of mass separating agents for envi-
ronmental impact minimization (Pistikopoulos and Stefanis,
1998), optimization with properties correlated with topologi-
cal indices (Raman and Maranas, 1998; Camarda and
Maranas, 1999; Siddhaye et al., 2000), the design of fiber re-
inforced polymer composite products (Vaidyanathan et al.,
1998), benign solvent design (Sinha, et al., 1999), and a com-
binatorial approach based on linear (or linearized) group
contribution techniques for generating candidate molecules
(Friedler, et al., 1998). A recent collection of works on com-
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puter-aided molecular design is provided in Achenie, et al.
(2002).

The above approaches represent major contributions to-
wards automated molecular design. Issues that are still to be
resolved include the following:

(1) The effect of inaccuracies in property prediction meth-
ods is, in general, not well-understood.

(2) All methods require preselecting the structural groups;
there is no known theoretical justification for limiting the
number and type of potential groups in the molecule.

(3) Rating synthesized compounds requires choosing an ob-
jective function. However, it is not well-understood what an
appropriate objective function is. Current approaches use
mostly thermodynamic objectives in the hope that the de-
signed molecules will possess performance indices that are
similar to those of existing compounds. However, this ignores
environmental concerns.

(4) Even though physical and mechanical properties of new
compounds can be predicted, environmental considerations
such as flammability, toxicity, reactivity with the ozone layer,
and, in general, any reactivity issues are much more difficult
to predict. The current state-of-the-art in the modeling of
such issues precludes them from being included in mathemat-
ical formulations.

(5) The search algorithms do not deal in a satisfactory way
with the presence of multiple local optima in general nonlin-
ear property prediction techniques.

The model/algorithm combination proposed in this article
resolves the multiple local optima difficulty in the context of
this problem. Furthermore, it is capable of providing all fea-
sible solutions to the formulation. This makes it easier to deal
with issues 3 and 4 above as only those compounds whose
physical properties satisfy certain targets will need to be eval-
uated under reactivity, toxicity, flammability, and other envi-
ronmental objectives. Finally, the proposed approach is so
efficient computationally that it makes it routine to solve the
problem for different property values without having to im-
pose tight bounds on the number and type of potential groups
to be considered.

Optimization Formulation

Previous attempts at this problem differ in the preselected
groups that are allowed in the design, the property prediction
techniques used, and the methodology employed in searching
for new compounds. Our objective is to develop an approach
that can handle a large number of preselected groups, while
successfully overcoming the combinatorial search issue and
local optima traps. Even though our approach is fairly gen-
eral, to clearly illustrate its salient features, we detail it in the
context of a case study that was posed initially by Joback and
Stephanopoulos (1990) and addressed by many others in sev-
eral variants (Gani et al., 1991; Pretel et al., 1994; Churi and
Achenie, 1996; Duvedi, 1997a,b; and Achenie, 1996;
Venkatasubramanian et al., 1995; Marcoulaki and Kokossis,
1998; Ourique and Telles, 1998).

The part of our model dealing with physical properties is
identical to that of Joback and Stephanopoulos (1990). In or-
der to model these authors’ structural constraints, we will in-
troduce integer and 0—1 variables so that mathematical pro-
gramming bounds can be developed for the model. While do-
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Figure 1. Refrigeration system considered.

ing so, we propose new structural constraints that eliminate
some chemically infeasible solutions from these authors’ orig-
inal formulation, thus facilitating the solution process.

Design of an alternative to R12

The goal of the case study is to design an alternative refrig-
erant to dichlorodifluoromethane (CCl,F,), also known as
R12. R12 was widely used in home refrigerators and automo-
tive air conditioners. It is assumed that the refrigerant will be
used in a typical automotive refrigeration cycle (see Figure 1)
with an evaporation temperature T, =272.04 K(= 30°F),
and an average operating temperature of 7,,, =316.48 K(=
70°F).

The particular groups considered are shown in Table 2. In
this table, “r”is used to denote bonds that are to be part of a
ring only. We consider a total of N =44 groups. In develop-
ing the model, the indices i and j will be used to denote
groups (i, j=1, ..., N). The formulation seeks to determine
n;, the number of groups of type i to be included in the syn-
thesized compound. Other variables will be defined on an
as-needed basis. A complete listing of variables and parame-
ters is provided in the notation section.

av,

Modeling of physical properties

Equations 1 through 4 reflect a group contribution method
due to Joback and Reid (1987) to calculate the boiling tem-
perature (7}), critical temperature (7)), critical pressure (P.),
and ideal gas heat capacity at average temperature (C,,),
respectively, of the newly synthesized compound. These ther-
mal properties will be used to derive other thermal proper-
ties in the sequel.

Ty

= . @)
0.584+0.965LY n,T,, — (L \n; c,)
1
P.= 3 3
(0.113+0.00325Y. n,a, =X n,P.;)
an pOai — 37.93
i=1
N
+( Z szObz+021) avg
i=1
N
+(Znicp061 —3.91x10~ ) e
i=1
N
+ (ZniCPOdi+2.06><10 )ijg 4)
i=1

In addition to n;, T, is the only other variable appearing in
the r1ghthands1de of Egs. 1-4. Recall that T, is a given con-
stant. All other parameters in these equations are constants
whose values are taken from Joback and Reid (1987).

Using the above properties and the given operating tem-
peratures of the cycle, Egs. 5, 6, 7, and 8 calculate the re-
duced boiling temperature (7%,), the reduced average tem-
perature (7,,,,), the reduced condensing temperature (7,g,),
and the reduced evaporating temperature (7, ), respectively

- ©)
T = ©)
T = 52 ™
Toups = T}j’ ®)

The next set of equations is used to calculate the acentric
factor (w)

a=—5.97214
N
_ P 6.09648
T,=198.2+ Y. n;T); M —In|— |+ +1.28862In (T}, ) —0.169347T,
i=1 1.013 Ty,
Table 2. Functional Groups Considered
Acyclic Groups Cyclic Groups Halogen Groups Oxygen Groups Nitrogen Groups Sulfur Groups
—CH, "—CH, " ~F —OH —NH, —SH
—CH, — ">CH-" e -0- > NH -S—
>CH- ,>CH-" —Br "—0-" "> NH T—Ss-"
>C< >C< -1 >CO >N-—
=CH, ,>C< >CO =N-
=CH- >C<, —CHO "T=N-"
=C< "=CH-" —COOH —CN
-C= —C<! -CO0- -NO,
=CH '=Cx, =
=C- =C</
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5
B=15.2518— —13.4721In(T,,) +0.43577T¢,

br

o

©0=—

B
Using the acentric factor and previously calculated quanti-
ties, the liquid heat capacity (C,,;,) is derived from the ideal

gas heat capacity using Rowlinson’s modification of Bondi’s
equation (Rowlinson, 1969)

+0.25 w

Cota= 77563 {cp(,a +8.314[1.45 +

avgr

(1-T,)” 1742
17114252 +
avgr 1- Tavgr

The group contribution method of Joback and Reid (1987)
is used to estimate the enthalpy of vaporization at boiling
temperature (A H,,), which is subsequently employed in Wat-
son’s method (Watson, 1943) to estimate the enthalpy of va-
porization (A H,,), at evaporating temperature

N
AH,, =153+ ) n,AH,,
i=1
1—mwﬁm

AHUE=AHU,)( i
b/t

We use the Riedel-Plank-Miller equation (Riedel, 1954) to
obtain the reduced vapor pressure (P,,,) at condensing tem-

perature, and that at evaporating temperature (P,,)

_ ToIn(P/1.013)
-7,
G =0.4835+0.4605h
h/G—-(1+T,,)
T GBHT,)(1-T,)

In P, = T_ [1 - Tcidr + k(3 + Tcndr)(1 - Tcndr)3]

cndr

-G ) 3
InP :T_[l_Tevpr+k(3+T€VPf)(1_TeVPr) ]

evpr

Finally, the vapor pressure, (P,,.) at condensing tempera-
ture and the vapor pressure (P,,.) at evaporating tempera-
ture can be calculated from the corresponding reduced vapor
pressures P, and P,

Pvpc = Vpchc
Pvpe = PvperPc

The physical property estimation relationships are summa-

rized in Figure 2. Here, Ty, T,, P, Cj,, and AH,, are the
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Figure 2. Physical property estimation relationship.

primary physical properties whose values are obtained by
group contribution methods as a function of the molecular
structure n. Values of primary physical properties are used to
determine other physical properties of interest such as C,
AH,., P,.,and P,,,.

ve> * vpeo

la>

Structural constraints

The purpose of the structural constraints is to eliminate
combinations of groups that do not satisfy bonding require-
ments. In this section, we begin by developing an integer pro-
gramming formulation of the structural constraints proposed
by Joback and Stephanopoulos (1995). Then, we discuss the
structural constraints proposed by Odele and Macchietto
(1993) and present examples that demonstrate that the struc-
tural constraints proposed by Joback and Stephanopoulos
(1995) and Odele and Macchietto (1993) are not sufficient for
eliminating all infeasible group combinations. Finally, we de-
velop new structural constraints that tighten the structural
feasibility formulations of Joback and Stephanopoulos (1995)
and Odele and Macchietto (1993).

Integer programming formulation of the Joback-
Stephanopoulos structural constraints

The numbering of the structural constraints below follows
Table II of Joback and Stephanopoulos (1995). The validity
of these constraints follows from graph connectivity argu-
ments: they are necessary constraints to ensure that the graph
formed by the selected groups is connected.

(1) The first structural constraint requires that at least two
groups be present in the molecule

N

Yon;=2

i=1

(2) If groups with acyclic bonds and groups with cyclic
bonds are to be combined in a molecule, there must exist
groups with both bond types

Y om=1 if Y m=1 and )Y n;>1
ie M ie@ ieC
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where I, @, and €, respectively, denote the union of groups
having both acyclic and cyclic bonds, the union of groups hav-
ing only acyclic bonds, and the union of groups having only
cyclic bonds. To model the above logical condition, we define
binary variables Y,,, Y, and Y, where:

Y. — 1, if groups having both acyclic bonds are selected
M 0, otherwise

if groups having only acyclic bonds are selected
otherwise

if group having only cyclic bonds are selected
0, otherwise.

Then, we introduce the constraints

Vi< ¥ om <Ny Yyl Gl )
ie @
Yo< Y n, <N, Y€l

ieC

YMS Z niSNmaXYM” Tl
ie M

where || @1l, I CIl, and || M || are the cardinalities of @,
C, and M, respectively. The binary variables should further
satisfy

Yy, =Y, +Y. 1 (10)

which forces Y, =1 whenever Y, =Y. =1.

(3) Structural stability also requires that, if one selects
groups with both acyclic and cyclic bonds, there must be then
at least one acyclic group or one cyclic group

Yom+ Y om=lif Yy n;>1

ie @ ieC ie M
This requirement is captured by
Y, +Y. =Y, (11)

which forces Y, + Y. > 1 whenever Y}, = 0. The combined ef-
fect of Egs. 10 and 11 is that

Y. n;>1ifandonlyif Y n,>1and ) n;>1
ie M ie @ ieC

(4) The number of groups with cyclic bonds must be at
least three for cyclic molecules

3< Y m <Nyl &I if

max
ie ®

Z n;#0

ie ®

where @ is the set of groups having at least one cyclic bond
(that is, the union of M and €), and || ® || is the cardinal-
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ity of ®. The above condition can be modeled through

3e< Y n, <N, Yzl &I
ie ®

where

1
Y=+ i
0, otherwise

if groups with cyclic bonds are selected

(5) The next equation states that the number of groups
having an odd number of free bonds must be even

Z n;=2Zg
ie ®

where @® is the set of groups having an odd number of free
bonds and Zj is a nonegative integer variable. For different
integer values of Zjg, this equation forces the number of
groups having an odd number of free bonds to be an integer
multiple of two.

(6) The number of bonds (one-half the number of avail-
able groups bonds) must be at least equal to the number of
groups minus one

%nibi22( %ni—l)

i=1 i=1

(7) The number of bonds formed cannot exceed that of a
complete graph in which all groups are connected.

%”ibiaﬁ( %”z)( %”i‘l)

i=1 i=1 i=1

(8) In the absence of rings, if there exist groups with acyclic
single bonds, but no double bonds and other groups with
acyclic double bonds but no single bonds, then there must
exist transition groups containing both acyclic single and
acyclic double bonds. In addition, groups with both acyclic
single and triple bonds must exist if groups with acyclic single
but no triple bonds are selected along with groups with triple
but no single bonds. These requirements can be stated as
follows

Yon,=1 if )Y m;=1 and ), nm;=1 (12)
i€ SD ieS/D ieD/S
Yo om=1 if Y m=1 and ), n;=1 (13)
ieST ies/T ieT/S

with the additional requirement that Eq. 12 should be en-
forced only in the absence of rings. Both constraints are of
the form: “Condition x must be enforced if conditions y and z
are met.” To model Eq. 12, we begin by defining binary vari-
ables Yyp,, Ysp,, and Ygp,, where
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Loif Xiegpni=1
Y?Dx = .
0, otherwise

1, if X,cgpn; =1
YsDy={0 =Y

1, if Yepsni=l

otherwise

Yo, . =
bz {O, otherwise

Then, we introduce the constraints

)]SDx < Z ni < NmaxYSDx ” SD ” (14)
ie8D

YSD)’S Z niSNmaxYSDy”S/D” (15)
ie §/D

Yop:< L 1< NouYsp: 1 D/S| (16)
ie oS

Yspy + Ysp: =1 < Ysp, + Vg (17)

where || S DI, | /DI, and || D/S || are the cardinalities
of 8D, §/D, and /S, respectively. Constraints 14-16
force variables Ygp,, Y5 5, and Ysp, to a value of one when
the corresponding condition is met. Constraint 17 enforces
the logical requirement that Yy, =1 if Ygp, =Ygy, =1 and
Yy = 0. The modeling of Eq. 13, similarly, requires the intro-
duction of a triplet of binary variables (Y7, Ysz,, Ys7,) along
with a constraint set analogous to Egs. 14-17 above, al-
though the binary Yj should not be used in this case.

(9) If a collection of groups contains mixed groups, then
the number of acyclic groups with a single bond can be no
more than the number of free bonds of all other groups

Y om< Y (bi=2)n;+ >

ie Qlb;=1 ie M ie @lb;>3

(b =2)n;
it Y n,>0
ie M

Using the binary variable Y), defined above, the last require-
ment can be expressed as

Z n; <

ie @lb;=1

Z (b;=2)n; + Z

ie M ie Qlb; >3

(b; =2)n;

+ Npox (1= Y3 ) 1 Gyl

where || @1l is the number of acyclic groups with only one
bond.

(10) The following relationship needs to be enforced be-
tween the number of groups with one, three, and four bonds
for pure acyclic molecules

Z n;— Z n; =2 Z n;
ie @b;=1 ie @,b;=3 ie @b;,=4

=2 if

Z n;=0

ie ®
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This is modeled as

IYp< )

n,—2— Yy n-2
ie @b,=1 ‘

where

I==Nuu(ll @5l +21 a4 1l)
U= Nyl G

with || @ I, I @ll, and || @, | being the cardinalities of @,
={ilie @, b;=1}, @;={ilie @, b;=3}, and @, ={ili € @,
b, = 4}, respectively.

(11) The number of available bond types (acyclic single,
cyclic single, acyclic double, cyclic double, and acyclic triple)
must be even

Y n;8=2Zs (19)
ie 8
Z niSiR =2Zgg (20)
ie 8RR
Y. mD;=2Z, (21
ie ®
Z niDiR =2Zpr (22)
ic DR
Y nT,=2Z; (23)
ieT

where Zg, Zsi, Zp, Zpg, and Z; are nonnegative integer
variables effectively counting the number of acyclic single,
cyclic single, acyclic double, cyclic double, and acyclic triple
bonds in the designed compound.

Odele-Macchietto structural constraints

Although clearly necessary, the above structural con-
straints are not sufficient for structural feasibility. For exam-
ple, consider the following collection of groups: 2 ([ > C <),
1(=C <), and 1 (= 0). Although this collection of groups
satisfies all the above constraints, it does not form a feasible
molecule.

Odele and Macchietto (1993) presented two constraints in
a different approach to structural feasibility. Their first con-
straint (also used earlier by Macchietto et al. (1990)) employs
the octet rule to prohibit free attachments

Y (2—b)=2m
where

1, for acylic compounds
for monocyclic compounds
—1, for bicyclic compounds

The case of m =1 is exactly the structural constraint Eq. 18.
The case of m # 1 eliminates the combination 2 (!> C <), 1
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(=C<}),and 1 (=0). We prefer to not use the latter con-
straint, though, as it does not allow for more than two cycles.

The second constraint used in Odele and Macchietto (1993)
requires that two adjacent groups not be linked by more than
one bond

N
'Zln,-znj(bj—l)+2 je @
im

While the Odele-Macchietto (O—M) constraints eliminate
some group contributions that are feasible to the Joback-
Stephanopoulos (J—S) constraints, the reverse is also true.
For instance, the selection of 2 (—Br) and 1 (= O) is feasible
to the O—M constraints, but not to J—S constraints.

Even though valid, the above structural feasibility con-
straints do not eliminate all infeasible group combinations
from consideration. For instance, consider the following col-
lection of groups: 1 (> CH-), 3 (=0), and 1 (= N-). While
chemically infeasible, this set of groups satisfies the J—S, as
well as the O—M structural constraints, and motivates the
development of additional structural feasibility constraints as
follows.

New structural constraints

Constraints between One-Bonded and Higher-Bonded Groups
in the Absence of Rings. In order to enforce the obvious re-
quirement that two acyclic bonds of the same group may not
be connected, an additional set of constraints needs to be
added to the above structural constraint sets. We first define
a “one-bonded group” to be a group with only one acyclic
(single, double, triple) bond. Similarly, a group having more
than one acyclic bond will be referred to as a “higher-bonded
group.” It is clear that a one-bonded group must be con-
nected either to a higher-bonded group or to another one-
bonded group.

Clearly, the number of one-bonded groups connected to
higher-bonded groups may not exceed the number of free
attachments of higher-order groups

Y m< ) nSHif

ie 3

Y n>1
ie0, ie 3C
single-bonded
and ) n,=0 (24)
ie ®
Yy n;< Yy, n,DH if
ie0, ie 3
double-bonded
and ), n,=0 (25)
ie R
Y n,=1

ie 3C

Y n,< Yy, n,TH if
i€0, ie 3
triple-bonded
and ) n,=0 (26)
ie ®

where O and JC, respectively, denote the sets of one-bonded
and higher-bonded groups, while S¥, D, and T;” denote
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the available acyclic single, double, and triple bonds of the
ith higher-bonded group. The modeling of Eqs. 24-26 re-
quires the introduction of a binary variable to monitor the
selection of higher-bonded groups

1, fX;cgpen =1
Y, = )
0, otherwise

and the following constraints

Yu< ¥ < NpyYyll 3 @)
ie 3C
Yo X St Ny (1= Yy +Y) 1 8/D
ie 3

ie0,
single-bonded
(28)

Y n< Yy, n,DE+ N, (1-Y,+Y) I 8/DI

max
ic0, ie 3}
double-bonded

(28)

Yo om< Y n, TH+ N, (1-Y,+Yz) I 8/DIl

max
i€0, ie 3
triple-bonded

(30)

where || S DI, | /DI, and || D/S || are the cardinalities
of 8 D, 8§/, and D/, respectively. Constraint 27 enforces
the definition of variable Y, while constraints 28—30 enforce
conditions 24-26.

When a one-bonded group is connected to another one-
bonded group, the two one-bonded groups will simply form a
molecule even in the presence of additional groups. This situ-
ation can be avoided through the following relationship be-
tween the number of higher-bonded groups and their free
attachments left after being connected to those one-bonded
groups

L n(si+ D+ 1)~ £ m=2 T w1

ie 3 ie® ie 3

The last constraint is applicable only if there are no rings.
Thus, it should be included in the problem formulation as

—QYe< ) n(SF+DI+TH)- 1 ni—Z( Y ni—l)
ie 3C ie O ie JC

<QY, (31)

with a sufficiently large value for Q.

Note that the last constraint eliminates the group combina-
tion: 1 (> CH-), 3(=0), and 1 (= N-), which is feasible to
the J—S and O—M structural constraints.

Clique Constraints for Rings. Any two groups can be
bonded through a single bond—a ring bond or an acyclic
bond. Let ny be the number of molecular groups that have
ring bonds. Then, the number of ring bonds in the final de-
sign is bounded from above by ng(nz —1)/2. If the number
of ring bonds equals this upper bound, then all ring-bonded
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groups form a clique and, thus, cannot share an acyclic bond.
More generally, the constraint we would like to enforce is
that the total number of bonds involving ring groups cannot
exceed the number of bonds in the case of a clique, that is,
ng(ng —1)/2. Define

- 1, if the ring groups form a clique
clique 0, otherwise

and
ng= Z n;
ie ®
Then
np(ng—1
ZsptZpr+1-— Ycﬁquc < % (32)

where Zg, and Zj are used in Eqgs. 20 and 22 and define
the number of single and double ring bonds. Clearly, the sum
of single and double ring bonds cannot exceed the maximum
possible number of bonds, which is given by the righthand-side
of Eq. 32. In the case of a clique, the righthand-side must be
reduced by at least one. Thus, when 1— Ycﬁque is added to
the lefthand-side, constraint 32 simply forces Ycﬁque to be 1 if
there is a clique. Note that constraint 32 by itself eliminates
the group combination: 2 (!> C <), 1 (=C<), and 1 (=
0), which was feasible to the J—S as well as the O—M
structural constraints.

We further note that, if Ycﬁque =1, the number of single
acyclic bonds in the acyclic groups must be greater than or
equal to the number of acyclic bonds in the ring groups. This
requirement can be enforced through the following con-
straint

Ycﬁque Z niSaiZYcll?que Z niSai (33)

ie @ ie ®

This last constraint will eliminate the group combination: 3
(,> CH-") and 1 (-F), which is feasible to all previous struc-
tural constraints.

The concept used to derive Eq. 33 can be extended to the
case of double acyclic bonds

Yfwe 2 iD= Ycﬁque Y. n;D,

clique
ie @ i€R

Property targets and other bounds

This case study requires that the new refrigerant’s enthalpy
of vaporization at 7, be greater than or equal to that of
R12 (18.4 KJ/g —mol)

AH,, >18.4 (34)

The motivation behind the above constraint is that a higher
AH,, reduces the amount of refrigerant required. Also, a
smaller liquid heat capacity C,, reduces the amount of re-
frigerant vapor generated in the expansion valve. For this
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reason, the case study requires that the new refrigerant’s lig-
uid heat capacity at T,,, be less than or equal to that of R12
(32.2 cal/g—mol-K)

Cpra<322 (35)

We require that the new refrigerant’s vapor pressure at 7,
be greater than or equal to 1.4 bar

P,.>14 (36)

vpe =

The above constraint is required as the lowest pressure in the
refrigeration cycle must be greater than atmospheric pressure
(1.1 bar) to reduce the possibility of air and moisture leaking
into the system.

Equation 37 requires that the new refrigerant’s vapor pres-
sure at T, 4 be less than 14 bar. This is because a high system
pressure increases the size, weight, and cost of the equip-
ment. A pressure ratio of 10 is considered the maximum al-
lowable for a refrigeration cycle.

P, <14 (37)

vpe =
Finally, we have nonnegativity and integrality requirements

C04,C

pOa> ~pla>

AH,,, AH,,>0
P.,P,.P, .. P

vpc> “oper> fope>

P . >0

vper =

T, . >0

ndr> “evpr =

Tavgr’ Tb’ Tbr’ Tc’ Tc

h,G=0
B=<O

Y,=0orlie{M, A,C, R, H)
Y, =0or 1 for i € {SDx, SDy, SDz}
Y,=0or1for i €{STx, STy, STz}

YR =0orl

clique
Z,: nonnegative integer, for i €{B, S, SR, D, DR, T}
ng: nonnegative integer

0<n; <N,

max >

n;:integer fori=1, ..., N

a, w, k: unrestricted in sign

Note that bounds on most continuous and integer variables
of the problem can be inferred through interval arithmetic
operations using the bounds in Eqgs. 34-37, the non-negativ-
ity requirements, and the problem constraints. Table 3 shows
bounds on all continuous and integer variables that were used
in all calculations. As seen, fairly generous bounds on all
problem variables were used. For instance, up to 15 occur-
rences of each structural group are allowed in the final de-
sign.

Objective function

As explained above, high enthalpy of vaporization and low
liquid heat capacity are desirable as far as the efficiency of
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Table 3. Variable Bounds

Lower Bound Upper Bound Lower Bound Upper Bound

a —54 6100 P, 14 14
B —16000 0 per 0.001 1
AH,, 10 110 e 0.001 1
AH, 184 100 T, 50 1000
P -1 13 T,,  0.001 1
Cpoa 1 135 X 100 2000
Cota 1 22 T, 0001 1
G 0.48 2500 v 0.001 1
h 0 5300  Z, 0 172
k -1 10 Z, 0 60
n; 0 15 i 0 30
P, 2 200 Zg 0 330
P, 14 14 Zsn 0 232
P, 0001 1 . 0 15

the refrigeration cycle is concerned. The design objective for
this case study is to find a refrigerant at least as efficient as
R12, that is, a refrigerant with a larger heat of vaporization,
AH,, and a smaller liquid heat capacity C,,, than that of
R12. These two objectives are combined into that of maximiz-
ing their ratio

(3%)

Remarks on the Formulation

(1) The objective function in Eq. 38 was chosen for consis-
tency with the earlier articles that studied the same problem.
It should be obvious that many other objective functions are
possible and might be more meaningful. For example, one
could use an expression for the coefficient of performance of
the refrigeration cycle, or a measure of the ozone depletion
potential of the refrigerant, or a combination of economic
and environmental objectives.

(2) The resultant formulation is a mixed-integer optimiza-
tion model with multiple local optima due to the presence of
the highly nonlinear property estimation formulae.

(3) By considering 44 candidate groups and allowing up to
15 members of each group to be present in the final solution,
the total number of combinatorial designs exceeds 10%°. Most
of these will be rendered infeasible by the model constraints.

(4) Constraints 34 and 35 were introduced based on opti-
mality arguments. Alternatively, one may relax these con-
straints.

(5) For this case study, the model involves 52 integer, 14
binary (0-1) variables, 21 continuous variables, and 92 con-
straints (this includes the J-S and a subset of the O—M struc-
tural feasibility constraints).

(6) The righthand side of constraint (9) can also be recast
as

n; <N,

mélXY:‘l l € &

From an algorithmic point of view, disaggregating this and
similar constraints is beneficial since it usually leads to tighter
relaxations. This disaggregation was used in our computa-
tions and increased the number of problem constraints to 236.
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(7) The solution to the above model provides a set of atoms
and submolecular groups to be combined to form a molecule.
However, the model provides no information on sow the se-
lected groups should exactly be bonded to form a connected
molecule. The bonding of the selected groups can be deter-
mined by solving another optimization problem. In particu-
lar, consider a graph whose nodes correspond to the groups
selected by the above model. Using the valences of the se-
lected groups, assign arcs for all possible group interconnec-
tions over this graph. Then, define binary variables to select
arcs subject to constraints satisfying valence requirements, the
absence of submolecules, and the absence of cycles made up
by acyclic bonds. All feasible solutions to this model would
need to be found; this is within the capabilities of the algo-
rithm developed in the next section. However, as the compu-
tational results section shows, this model does not need to be
solved for the specific refrigerant design problem addressed
in this paper. In particular, we show that, for this application,
the solution set consists of small molecules whose bonding
can be easily obtained by inspection.

Global Optimization Algorithm

In the description of the algorithm, we use P to denote the
MINLP model to be solved over the set X of variable bounds
shown in Table 3. Let P, be problem P defined over X, C X.
The following algorithm integrates constraint programming
with mathematical programming tools to solve P.

Algorithm branch-and-reduce

Initialization Step. Set the upper and lower bounds of the
search tree UB < + and LB < —x. Put problem P into £,
the list of “active” problems to be solved. Set £ =1 and begin
iteration.

Iteration k:

Step 1. Selection: If £ is empty, stop. Otherwise, select
and remove P, from £. Go to Step 2.

Step 2. Constraint Propagation: Preprocess P, using feasi-
bility-based range reduction techniques.

Step 3. Bounding: Lower and upper bound P,. Update the
lower and upper bounds of the search tree and delete infe-
rior nodes. If the current node is deleted, go to Step 1. Oth-
erwise, go to Step 4.

Step 4. Postprocessing: Postprocess P, using both feasibil-
ity-based and optimality-based range reduction techniques. If
the bounds on variables are substantially improved, go to Step
3. Otherwise, go to Step 5.

Step 5. Branching: Choose a variable on which to branch.
Divide the range of the variable at some point to create sub-
domains X and X, , and add two subproblems P, and Py,
to Q. Set k< k +1 and go to Step 1.

We note that the above algorithm applies to the solution of
a general class of MINLP models. Thus, it could be used to
solve a variety of molecular design problems that are mod-
eled as MINLPs, including those that utilize group contribu-
tion methods that require information about nearest neigh-
bors and connectivity of the entire molecule (cf. Achenie et
al. (2002)).

Refer to Ryoo and Sahinidis (1995, 1996), Ghildyal and
Sahinidis (2001), Shectman and Sahinidis (1998), and Tawar-
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malani and Sahinidis (1999, 2002b), for algorithmic details;
and Dorneich and Sahinidis (1995), Liu et al. (1996), Sahini-
dis and Tawarmalani (2000), and Tawarmalani and Sahinidis
(2002b) for other applications of this algorithm. In these
works, we provide detailed discussions on the construction of
suitable relaxations, convergent branching rules, and feasibil-
ity- and optimality-based range reduction rules for the global
optimization of mixed-integer nonlinear programs. We detail
here only two problem-specific steps.

Lower bounding and feasibility-based range reduction

Figure 2 makes it clear that, for given values of the integer
variables of the formulation, a forward calculation through
appropriate problem constraints makes it possible to com-
pute all physical properties involved and, thus, test feasibility
of the given integer point. Therefore, instead of relying on
time-consuming local searches to identify feasible solutions,
at every node of the branch-and-reduce tree, we round the
relaxation solution and use a single pass through the appro-
priately ordered set of constraints in order to evaluate physi-
cal properties and test for feasibility of the rounded solution.
Improved solutions are used to update the incumbent.

We note that the same ordering of constraints and interval
arithmetic operations can be used to infer bounds on the
continuous problem variables once the branch-and-reduce al-
gorithm has reduced the ranges of some of the integer vari-
ables. This leads to a very efficient mechanism for collapsing
variable bounds as the search progresses deeper in the tree.

Finding all feasible solutions

It is common practice to find alternative feasible solutions
to an integer programming formulation by introducing the
binary expansions

ll‘)gz(l\]max)J
_ i—1
n;= Z 2/ Yij
j=1

Once the problem is solved in terms of binary variables, it is
straightforward to exclude a binary combination y* by intro-
ducing the well-known linear integer cut

Z Yij — Z

G,)e ® Gi,j)e ¥

vy <l @ l—1

where &% ={G, )y} =1}, 9% ={G, )y} =0}, and | B* Il is
the cardinality of ®*. Alternatively, one can work directly in
the space of the integer variables by introducing the follow-
ing more intuitive, yet nonlinear, cut

nf—n, 221
Z(l i

Several solutions of the optimization formulation can then be
obtained by solving a series of models in which integer cuts
are successively introduced to exclude the previous models’
optimal solutions from further consideration. This allows the
identification of as many feasible solutions as desired. How-
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ever, such an approach requires the search of a number of
branch-and-bound trees.

Instead of the successive introduction of integer cuts, we
prefer to modify Step 3 of the branch-and-reduce algorithm
as follows:

Step 3. Bounding: Lower and upper bound P,. Update
the lower and upper bounds of the search tree, record all
feasible solutions found, and delete the current node if it is in-
feasible or all integer variables are fixed. If the current node is
deleted, go to Step 1. Otherwise, go to Step 4.

In other words, instead of deleting all inferior nodes, we
delete only the current node when it becomes infeasible or a
point. Nodes where feasible solutions are identified are
branched further until they become points in the search space
or infeasible. The advantage of this scheme vs. using the inte-
ger cuts is that all feasible solutions are identified through a
single application of branch-and-reduce, thus avoiding a great
deal of duplicate work in repetitive search trees.

It is important to note that, once Step 3 of the algorithm
has been modified as above, care must be exercised in the
application of the optimality-based range reduction and
probing techniques of Ryoo and Sahinidis (1995). These tech-
niques require an appropriate lower bound for optimality-
based fathoming. Instead of using the lower bounds provided
by feasible solutions identified during the search, we make
use of a bound obtained by solving a linear relaxation of the
problem.

Finally, we note that it is straightforward to modify this
algorithm to provide only the K best solutions of the model
for any prespecified integer value of K. In every iteration,
one would need to maintain the K best solutions found thus
far and delete nodes probably worse than the Kth best known
solution. In this case, the Kth best known solution provides
an appropriate lower bound to be used for optimality-based
range reduction and probing in the formulae of Ryoo and
Sahinidis (1995).

Computational Results

The proposed algorithm was implemented using BARON
(Sahinidis, 1996), a general purpose global optimization pack-
age. Two modifications to the general purpose solver were
made for the specific problem: the problem-specific lower
bounding step and the fathoming rule for the identification
of all feasible solutions. The capability to identify all, or the
K best, solutions of an integer program was added to the
general purpose BARON solver after successful implementa-
tion in the context of this molecular design problem.

All runs were performed on a 332 MHz IBM RS/6000
workstation model 43P with 128 MB memory and a LIN-
PACK score of 59.9. Solution of the linear programming re-
laxation subproblems was done through CPLEX 6.0 (CPLEX,
1997).

We began computational experimentations with this prob-
lem and the branch-and-reduce algorithm in the mid-1990s.
The initial attempts did not include the specialized local
search algorithm and were based on an early implementation
of BARON. At that time, over 150 h of CPU time were re-
quired for the algorithm to identify a few feasible solutions,
but global optimality was not proven and the solutions identi-

1771



Table 4. Complete Set of Solutions to the Refrigerant Design Problem

AHDe AHUL’
Molecular Structure Molecular Structure

Cpla Cpla
FNO F-N=0 1.2880 C,HO,F F-O-CH=C=0 0.8705
CHCIO CI-CH=0 1.1804 C,H, CH,=C=CH, 0.8656
FSH F-SH 1.1697 C,H, CH, —CH, 0.8632
CH,CI CH, —Cl 1.1219 C,H,FO (F-)CH3-)>C=C=0 0.8531
C,HCIO, O0=C<(-CH=0)X-CD 1.1207 NHF, F-NH-F 0.8468
CCIFO (F-)Cl-)>C=0 1.0179 C,H;FO (F-)XO=CH-)>C=CH, 0.8291
C,H,0 CH=C-CH=0 1.002 CHO,F O=CH-0-O-F 0.8288
CFONH, O=CH-NH-F 0.9893 C,HOF CH=C-O-F 0.8263
CIFO Cl-O-F 0.9822 C,H,F CH=C-CH,-F 0.7802
C,H,0 CH,=C=C=0 0.9672 CHF,Cl (F-)F-)>CH-Cl 0.7770
C,H,0 CH,-CH=C=0 0.9619 C,H,O0F CH,=CH-O-F 0.7685
C;H,0 CH,=CH-CH=O0 0.9408 NF,Cl (F-)F-)>N-Cl 0.7658
C,H, CH,-C=CH 0.9278 C,H(NF (CH3-)(CH3-)>N-F 0.6817
C,F, F-C=C-F 0.9299 N, HF; (F-)F-)>N-NH-F 0.6711
CH,CIF F-CH2-Cl 0.9202 C,H,O0F, CH2=C<(-O-FX-F) 0.6705
C,H,0, CH3-O-CH=0 0.9178 C,H,F, (F-)F-)>CH-C=CH 0.6686
CHNOFCI O=CH-N<(-F)X(-CD 0.9167 C,HNF, CH=C-N<(-F)-F) 0.6587
C;H(O (CH;_)XCH;-)>C=0 0.8978 C;H,F, (F—)XF—-CH,-)>C=CH, 0.6377
C,H,FO F-CH=CH-CH=O0 0.8868 C,H,F, (F-)F-)>CH-CH=CH, 0.6263
C;HFO (F-)XCH=C-)>C=0 0.8785 C,H;NF, CH2=CH-N<(-F)(-F) 0.6176
C;H(O CH;-CH,—-CH=0 0.8773 CH;NOF, (F-)XCH;-)>N-O-F 0.6139
CNHF,0 O0=C<(-F(-NH-F) 0.8763 C,H,F, (,>CH-")(-F), 0.5977

fied were not globally optimal. Currently, BARON takes 45
min. of CPU time to find all feasible solutions of the above
model. This amounts to producing candidate compounds at
the rate of one solution per minute. What made this possible
is a number of equally important developments:

Table 5. Admissible Solutions

AHUL’
Molecular Structure
Cpla
FNO F-N=0 1.2880
FSH F-SH 1.1697
CH,CI CH, —-Cl 1.1219
C,HClO, O0=C<(-CH=0)-CD 1.1207
CIFO (C1-X(-0-)—-F) 0.9822
C;H,0 CH;,-CH=C=0 0.9619
C;H, CH,-C=CH 0.9278
C,F, F-C=C-F 0.9229
CH,CIF F-CH2-ClI 0.9202
C,HO,F F-O-CH=C=0 0.8705
CyH, CH,=C=CH, 0.8656
C,H, CH, —CH, 0.8632
C,;H,FO (F-)CH3-)>C=C=0 0.8531
NHF, F-NH-F 0.8468
C,HOF CH=C-O-F 0.8263
C,H;F CH=C-CH, -F 0.7802
CHF,CI (F-)XF-)>CH-CI 0.7770
C,H,O0F CH,=CH-O-F 0.7685
NF,Cl (F-)F-)>N-Cl 0.7658
C,H(NF (CH3—)CH3-)>N-F 0.6817
N, HF, (F-)F-)>N-NH-F 0.6711
C,H,0F, CH2=C<(-O0-F)X-F) 0.6705
C;H,F, (F-)XF-)>CH-C=CH 0.6686
C,HNF, CH=C-N<(-FX-F 0.6587
C,H,F, (F-XF—-CH, -)>C=CH, 0.6377
C,H,F, (F-X-F)>CH-CH=CH, 0.6263
C,H;NF, CH2=CH-N<(-F)(-F) 0.6176
CH;NOF, (F-XCH;-)>N-O-F 0.6139
C,H,F, (,>CH-"),(-F), 0.5977
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e A feasibility-based presolver (Ghildyal and Sahinidis,
2001) that reduces the upper bounds of group occurrences
from 15 to five at the root node of the search tree;

e Aggressive probing to reduce ranges of five variables by
solving minimization/maximization LPs on each node of the
branch-and-reduce tree;

e The entirely linear programming based relaxation of
Tawarmalani and Sahinidis (1999), which eliminated the need
for the solution of convex nonlinear programming relaxations
that are often hard to solve with current nonlinear program-
ming technology;

e The branching technique of Tawarmalani and Sahinidis
(1999), which is based on an elaborate mechanism that se-
lects the branching and probing variables from among the
original problem variables, as well as their functional expres-
sions that appear in the mathematical program;

e The development of tighter relaxations based on the
product disaggregation concept of Tawarmalani et al. (2002)
that, in turn, is based on the theory of convex extensions
(Tawarmalani & Sahinidis 2001, 2002a);

e Implementation of the specialized lower bounding
scheme that made possible the identification of good feasible
solutions pretty early during the search without the need to
resort to a nonlinear programming solver;

e Development of the algorithm to find all feasible solu-
tions through a single branch-and-reduce tree.

The complete set of solutions identified for the above
model is shown in Table 4. The results demonstrate some of
the weaknesses, as well as strengths of the group contribution
approach to molecular design.

In Table 4, there are 15 compounds involving groups from
column one of Table 2 and = O or —~O-. While mathemati-
cally acceptable, such combinations lead to inaccurate prop-
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erty estimation as compared to selecting the mixed groups
directly from the fourth column of Table 2. Clearly, the latter
choice leads to compounds that do not satisfy the imposed
property requirements. Nanda (2001) develops a set of con-
straints that render such combinations infeasible in the
MINLP formulation. Inclusion of these constraints to our
formulation further reduces the CPU time to about 30 min.

Once the 15 inadmissible compounds are eliminated, the
solutions of Table 5 remain. Among the remaining 29 com-
pounds, one notices CH;Cl, a well-known former refrigerant.
One also observes that, among these 29 compounds, there
are 41, 38, 5, 11, and 8 groups containing C, F, Cl, O, and N,
respectively. It is rather remarkable that the model clearly
points towards CFCs as the ideal refrigerants.

Among the solutions of Table 5, all but the following nine
compounds were identified in earlier works on this problem

(1) F—N=0

(2) CI—O—F

(3) CH;—CH=C=0

4) F—O—CH=C=0

(5) CH,=C=CH,

(6) F—)CH3—)>C=C=0

(7) CH=C—O—F

(8) CH,=CH—O—F

(9) CH2 =C <(—O—F)F—)

Except for the first compound on this list (nitrosyl fluoride),
which is available commercially, minimal information cur-
rently exists in the literature about the other compounds.
While all of these compounds seem to be unstable, toxic, or
otherwise not fit to be used as refrigerants, their identifica-
tion demonstrates that the proposed methodology has the
potential of discovering novel compounds.

Conclusions

This article has demonstrated that the state-of-the-art in
global optimization of mixed-integer nonlinear programs cou-
pled with a suitable formulation has now reached the level of
maturity required to solve realistic models for molecular de-
sign. In addition to rediscovering CFCs, this methodology has
yielded a number of potential replacement refrigerants.

Several possible future directions are suggested by the re-
sults of this article. First, it would be interesting to identify
classes of compounds for which the search algorithm and
structural feasibility constraints developed in this article are
sufficient to resolve the combinatorial difficulty of the molec-
ular design search problem. As our algorithm and structural
feasibility constraints are independent of the particular
molecule being designed, they could be used for the design of
industrial solvents, polymers, and pharmaceuticals. In the
context of these compounds, it may be necessary to extend
the model to use more complex group contribution tech-
niques, such as those that account for interactions between
groups and group connectivity. Finally, it would be interest-
ing to systematically experiment with the applicability of the
proposed MINLP algorithm to solve molecular design prob-
lems with larger search spaces. Promising results in the solu-
tion of problems with thousands of feasible molecular struc-
tures were recently reported (Sahinidis, 2002). In the context
of the Freon 12 replacement problem itself, relaxing some of
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the property target constraints and expanding the search re-
gion seems a promising future research direction.
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Notation

Indices

i, j=Index of group i or j, where i, j=1, ..., N

Index sets

@ =union of groups having only acyclic bonds
@, = union of acyclic groups having exactly k bonds (k =1, 3, or
4
@® =union of groups having odd number of free bonds
C =union of groups having only cyclic bonds
D =union of groups having acyclic double bonds
9/8 =union of groups having acyclic double bonds and no acyclic
single bonds
D R =union of groups having cyclic double bonds
JC =union of groups having more than one acyclic bond
I =union of groups having both acyclic and cyclic bonds
O =union of groups having only one acyclic bond
® =union of groups having cyclic bonds
8 =union of groups having acyclic single bonds
8/ =union of groups having acyclic single bonds and no double
bonds
8/3 =union of groups having acyclic single bonds and no triple
bonds
8  =union of groups having acyclic single bonds and acyclic
double bonds
8 ® =union of groups having cyclic single bonds
83 =union of groups having acyclic single bonds and acyclic
triple bonds
3 =union of groups having acyclic triple bonds
3/8 =union of groups having acyclic triple bonds and no single
bonds

Parameters

AH,, ; =contribution of group i to enthalpy of vaporization at boil-
ing temperature
a; =number of atoms of group i
b; =available free bonds of group i
C, . =constant contribution of group i to ideal gas heat capacity
Ci()bi =first-order contribution of group i to ideal gas heat capac-

ity

C,0.; =second-order contribution of group i to ideal gas heat ca-
pacity

C0q; = third-order contribution of group i to ideal gas heat capac-
ity

D; =number of available acyclic double bonds of group i
DH =number of available acyclic double bonds of higher-bonded
group i
DR =number of available cyclic double bonds of group i
N =total number of group types in the model, N = 44
N,.x =maximum number of each group allowed, N, =15
P,; = contribution of group i to critical pressure
S; =number of available acyclic single bonds of group i
SH =number of available acyclic single bonds of higher-bonded
group i
SR =number of available cyclic single bonds of group i
T; =number of available acyclic triple bonds of group i
T =number of available acyclic triple bonds of higher-bonded
group i
T,,, = average temperature, T,,, = 294.26 K = (70°F)

avg avg
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T,; =contribution of group i to boiling temperature

T.; = contribution of group i to critical temperature
T.,q =condensing temperature, T4 = 316.48 K = (110°F)
T.,, =evaporating temperature, T,,, = 272.04 K = (30°F)

evp evp

Variables

a =intermediate variable used to calculate acentric factor w
B =intermediate variable used to calculate acentric factor w
A H,;, =enthalpy of vaporization at boiling temperature, KJ/g—mol
AH,, =enthalpy of vaporization at evaporating temperature,
KJ/g—mol
= acentric factor

C,0, =ideal gas heat capacity at average temperature, cal/g—mol

‘K
C,, =liquid heat capacity at average temperature, cal/g—mol-K
G =intermediate variable used in the Riedel-Plank-Miller
equation
h =intermediate variable used in the Riedel-Plank-Miller
equation
k =intermediate variable used in the Riedel-Plank-Miller
equation

n; =number of groups of type i selected
P, =critical pressure, bar

P,,. =vapor pressure at condensing temperature, bar
Py, =reduced vapor pressure at condensing temperature
Py, =vapor pressure at evaporating temperature, bar
P, =reduced vapor pressure at evaporating temperature
T,y =reduced average temperature

T, =boiling temperature, K
T,, =reduced boiling temperature;
T, =critical temperature, K

T,,ar =reduced condensing temperature

cndr
T.,p: =reduced evaporating temperature
Y; =0— 1 variables modeling structural disjunctions, i €{ M, @,

C, &}
Z; =integer variables modeling structural requirements, i € { ®,
$,8®, D, DR, I}
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